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Remarks on the functional integration quantization 
of gravitation* 


By B. E. Laurent 


Feynman quantization [1] applied to field theory [2, 3] is not entirely satisfactory 


with regard to the rigorous definition of the functional integrals and the handling of 


fermion fields. This note concerns the still more uncertain use of the Feynman method 
for the quantization of generally covariant systems. More specifically, we shall give 
special attention to Feynman quantization of general relativity. 

In order to quantize according to Feynman, it is necessary to choose field variables 
for the functional integration and to assign an appropriate integration weighting. 
Misner [4] has approached this problem in a very general manner by considering a 
transitive group of permutations which operate on the field variables. The integra- 
tion weighting is defined by requiring it to be invariant under the permutation group. 
This prescription is apparently dependent on the choice of the permutation group. 
Furthermore, the appropriate domain for the functional integration is not always 
obvious.! 

Now we shall confine our remarks to the quantization of general relativity. The 


manifestly covariant Lagrangian density for general relativity is C= R Vg. Since 
our argument will concern the local properties of the weighting, it is justifiable to 
neglect a complete divergence and write C in the well-known form 


L = Vg Co Juv, Yup, A (1) 


where g = — Det g,, and qu«b* is a sum of terms, each of which is trilinear in the 
g'”. Equation (1) is easily obtained by expressing the Is, in the formula 


C= Vg iad Ry Pug — |i aes Du) (2) 


(see e.g. Moller [5] p. 335) in terms of the g,, and their derivatives. 
Notice that if G’’*?“ had been independent of g,,, £ in (1) would have had exactly 


* Presented at the Ziirich conference June-July 1958, which was sponsored by the U.S. Air 
Force under contract No. AF 61 (052)-47. 

One part of the present note was reported to the Chapel Hill conference 1957 (see Conference 
on the role of gravitation in physics at the University of North Carolina, Chapel Hill, January 
18-23, 1957 WADC Technical report 57-216. ASTIA document No. AD 118180 p. 124). The rest 
was inspired by conversations with participants in that conference. 

1 Misner restricts the metric variables to the ordinary signature (+ + + —). The natural choice 
is then the group of all linear transformations independently performed on the metric for each 
space-time point. 
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where , is a four-volume which Bade the point x. If we thes Q, sufficiently 
small, g,, assumes the same value at all points on the boundary of Q, for al 
significant field histories. This follows from the fact that all significant field histo-_ 
ries are continuous [1]. Hence, with an error which goes to zero as 2, converges 
to the point x, we can replace g,, through Q, with the values g,,(x). Then ee 
through Q, assumes the values @’”*?” (a). 
The integration over the variables inside Q, Ras now be performed with the 
weighting 
8 Jus = [Je (Gu (%))d gu (for « € Q,) (4) 


fea 


with the II]-product taken over all ten components of the metric tensor and -all 
points in Q,. The function C can be normalized by putting 


C (Gy) =1 (5) 


where g,, is the Lorentz metric. If we perform a linear coordinate irens{ormaliog 
such that 


Jur (€)> Gu | (6) 
we find that 
2 9cuvy ) 
O (Gy (x)) = Det (22 - 7) 
(Ou (2))= Det (5 Ser (7) 


The indices y,» (and «,f) are here surrounded by brackets to indicate that they 
must be ee eee in terms of one index which ranges from one to ten. Hence the 
determinant in (7) is a ten by ten determinant. 

The form for the integration weighting (4) is obviously valid for all 2, so we have 


O9uy =WC (9) AGu» (for all x) (8) 
in which equation 
é Jaw 
Cn) = Der (2200 9 
F O9ap)) bee 


A simple group theoretical argument (see appendix) shows that 
O Gin y= (0,7 |" (10) 
where f is a certain set of numbers and the C,* fulfill! 


1 We exclude reflections, so that | C,*| = 0. 


280 


ae 


ARKIV FOR FYSsIK. Bd 16 nr 26 


Jur = Cp" C,F gap 1 
(10) and (11) give +PPE Ce 
C ( ) — | Jur ae ras 
ee Net se 
Observe that C is homogeneous of degree —10 in g,,, while g = — |u| is homo- 
geneous of degree 4 in g,,. Thus we finally obtain 
C (Gu) = (9/9) *”. (13) 


Equations (8) and (13) constitute Misners result [4]. It is obvious (as Misner has 
pointed out) that the weighting (8), (13) is invariant with respect to coordinate 
transformations. 

It is easy to see that the result (13) can be written in the following form (neglecting 
constant factors): 


C (Gu) = VDet (gua G0), (14) 


The expression (14) is an invariant generalisation of the weighting prescription in 
particle mechanics [6]. 

It is very easy to show that one need not worry about the nonphysical gauge vari- 
ables when using the functional integration formulation of quantization [7]. Let S 
be a gauge-invariant! Feynman exponent (7 times the action) and F a functional of 


_ the fields { to be quantized. We require F to be gauge invariant. From all the field 


histories of f let us select those that are close to a certain gauge, that is, we take out a 
“slice” of histories with the following property: A certain subgroup of the gauge 
transformation group applied to the slice generates all admissible histories once and 
only once. The more the subgroup contains, the ‘‘thinner”’ is the slice. Such a slice 
is expected to exist in any theory where dynamical variables can be extracted. 
Performing the functional integration over the slice only, we have 


[Fest 
oak Ral (15) 
ferof 
1 
Due to the required invariances 
[Pecof=| Fe of (16) 
1 v 


where y» denotes integration over a slice obtained from the original slice with one of 
the transformations in the subgroup. Similarly we find 


feSof=feror (17) 


and thus we obtain 


J Fe®6} SFO press 
feat .Sfeidt, [eras 
1 wee 


(18) 


1 Gauge invariance here is meant in the wider sense which includes general coordinate trans- 
formations. 
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where Sg Ber: only on the gauge (that is, in which slice a placed eee appe 
but not where it is in the slice).1 In this case 


freroy Dose [ Feds af Fem at [reso 


Se te ee ae De (20) 
feof Se Serferdf 3fe “Of fever en 


(20) shows that, if we want, we can integrate over all histories, using the part of the 
Feynman exponent respresented by So. This is usually done in electrodynamics. It is 
important to remember that F must be gauge invariant. In electrodynamics this 
follows automatically excluding longitudinal and scalar photons from the initial 
and final states. 

Let us briefly return to the problem of the domain for the functional integration. 
Evidently there is an infinity of different choices. As an example, consider the 
method of quantizing relativity with the Palatini Lagrangian [8]. In this method the 
metric variables and the affinity variables are treated as independent. This means 
that we are integrating over a domain which is much larger than the domain in the 
Misner formulation. It is not unlikely that the two possibilities will give different 
results outside the classical limit, and it seems impossible a priori to know which one 
is correct. 

So far no one has succeeded in performing the explicit integrations for general 
relativity. The advantage of the Feynman method lies in the flexibility of the forma- 
lism. It is often possible to prove difficult theorems with relatively little effort. 

/ ; 
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' In the gauge invariant Feynman exponent for electrodynamics there is a term proportional to 
Jatce’A, -al" Ay 


that can be used as Sq. 
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, | oe: 
& P f(xy) = =a @)-f), tey> 0), 
) we do not eee if f(x) is single valued. Strictly speaking, (A2) should there- 
g, “The set of numbers f(x) eee by the set of 
s the of Tees fey)” This i is true because 


f(x)- Fy) € f(xy) = (A3) 

> ; : L€f(x)-f (*). (A4) 
' Hence, we have _ ae 
a jley) =1-flew €f@)-A(°) fee 

z f(x) Fy) (A5) 
3 _and (A2) follows from (A3) and (A5). Now equation (A2) gives . 
3 ‘ fam) =[f (wn (A6) 


_ where n and m are integers, and due to continuity we have 
5a fla) = [f(a (A7) 


Mitere a is any real number. Putting the set of numbers f(e) equal to e®, with B a 
certain set of complex numbers independent of x, we get from inserting x =e in (A7) 


Kaa (AS) 
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On page 281 it is shown that f consists of one single number, viz. —5. 
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